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Abstract
Research on Helly-type theorems in combinatorial convex geometry has produced vol-
umetric versions of Helly’s theorem using witness sets and quantitative extensions of
Doignon’s theorem. This paper combines these philosophies and presents quantitative
Helly-type theorems for the integer lattice with axis-parallel boxes as witness sets. Our
main result shows that, while quantitative Helly numbers for the integer lattice grow
polynomially in each fixed dimension, their variants with boxes as witness sets are uni-
formly bounded. We prove several colorful and fractional variations on this theorem.
We also prove that the Helly number for S × S ⊆ R2 need not be finite even when
S ⊆ Z is a syndetic set.
1 Introduction
A significant portion of combinatorial geometry comprises the study of intersection patterns
of convex sets. A fundamental result of this type is Helly’s theorem, which states that if
the intersection of any d + 1 or fewer members of a finite family of convex sets in Rd is
nonempty, then the entire family has nonempty intersection [16]. Doignon [13] obtained a
similar theorem for the integer lattice (which was also independently discovered by Bell [7]
and Scarf [22]):
Theorem 1.1 (Doignon, 1973). If the intersection of any 2d or fewer members of a finite family of
convex sets in Rd contains a point in Zd, then the intersection of the entire family contains a point in
Z
d.
Recently, there has been significant interest in extending Doignon’s and Helly’s theorems;
the theory has grown quickly, and Amenta, De Loera, and Sobero´n [2] as well as Holmsen
and Wenger [18] survey many results of this type. One way to extend Doignon’s theorem
is to replace Zd by an arbitrary set S ⊆ Rd; another is to ask for not just one intersection
point, but many. These two approaches lead to the following definition.
Definition 1.2. Given a set S ⊆ Rd, we letH(S, n) denote the least integer, if it exists, such that the
following statement is true for every finite family F of convex sets in Rd: If the intersection of any
H(S, n) or fewer members of F contains at least n points of S, then
⋂
F contains at least n points
of S. If no such number exists, we writeH(S, n) =∞. We abbreviateH(S, 1) byH(S).
Example 1.3. Helly’s and Doignon’s theorems state thatH(Rd) ≤ d+ 1 andH(Zd) ≤ 2d, respec-
tively. On the other hand, any d facets of a d-dimensional simplex intersect at a vertex, while the
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intersection of all d+ 1 facets is empty; this shows that H(Rd) > d. To show thatH(Zd) = 2d, let
Q = {0, 1}d denote the set of vertices of the unit cube in Rd. The intersection of any 2d − 1 sets in
{conv(Q \ x) : x ∈ Q} contains an integer point, but the intersection of all 2d contains none.
For n ≥ 1, we call H(S, n) a quantitative Helly number for S. Akerov, Merino, Henze,
Paschke, and Weltge [3] evaluated H(S, n) for discrete sets S in terms of polytopes with
vertices in S. Many results in this area focus on quantitative Helly numbers for Zd. Aliev,
Bassett, De Loera, and Louveaux [1], the first to study quantitative Helly-type theorems for
the integer lattice specifically, proved that H(Zd, n) ≤ (2d−2)⌈2n/3⌉+2. This was improved
in [3] to H(Zd, n) = Θ(n
d−1
d+1 ) for every fixed d ≥ 1. Other authors have investigated discrete
sets with different structure: De Loera, La Haye, Oliveros, and Rolda´n-Pensado [9] and De
Loera, La Haye, Rolnick, and Sobero´n [11] bound H(S, n) above when S is a difference of
lattices, and Garber [15] studied H(S) when S is a crystal or a cut-and-project set.
Further Helly-type theorems can be obtained by restricting the type of sets in the family
under consideration. Intersection properties of axis-parallel boxes are particularly well-
studied (see [14] and the references therein). For example, a family of axis-parallel boxes in
R
d has nonempty intersection if and only if every pair of boxes has nonempty intersection.
In another direction, Sarkar, Xue, and Sobero´n [21] proved that if the intersection of
every 2d or fewer members of a finite family of convex sets in Rd contains an axis-parallel
box with volume one, then the intersection of the entire family contains an axis-parallel box
with volume one. In this theorem, the axis-parallel box acts as a “witness set” to the size
of the intersection. Theorems with witness sets can differ strikingly from the corresponding
results without them: There is no exact Helly-type theorem for volume without witness sets,
for example [10]. Sarkar, Xue, and Sobero´n obtained many results in this vein; currently,
however, there are no discrete quantitative Helly theorems within this framework.
Our results can be broadly divided into two categories. First, we prove several discrete
quantitative Helly-type theorems with axis-parallel boxes as witness sets. In analogy to
Definition 1.2 and the work in [21], we define the following modified Helly number.
Definition 1.4. Given a set S ⊆ Rd, we let H(S, n) denote the least integer, if it exists, such that
the following statement is true for every finite family F of convex sets in Rd: If the intersection of
anyH(S, n) or fewer members of F contains an axis-parallel box with at least n points of S, then⋂
F contains an axis-parallel box with at least n points of S. If no such number exists, we write
H(S, n) =∞.
For the remainder of the paper, we write “box” to mean “axis-parallel box”. It is not im-
mediately clear how H(S, n) and H(S, n) relate; while Helly-type theorems for boxes have
a stronger conclusion—not only does
⋂
F contain n points, but these points are themselves
contained in a box—they also have a similarly strengthened premise. Our first main result
shows that H(Z
d, n) is uniformly bounded for every fixed d ≥ 1.
Theorem 1.5. H(Z
d, n) ≤ 22d−1 for every n ≥ 1 and d ≥ 1.
The behavior of H(Z
d, n) is therefore quite different from that of the usual quantitative
Helly number H(Zd, n), which grows on the order of n
d−1
d+1 . A second result shows that we
can still guarantee a relatively large global intersection with a much weaker local intersection
condition. (1-thickness is a mild technical condition introduced in Section 2.)
Theorem 1.6. Fix a positive integer d ≥ 1 and let F be a finite family of convex sets in Rd. If the
intersection of every 2d or fewer members of F contains a 1-thick box with at least n integer points,
then
⋂
F contains a box with at least n/3d−1 −O(1) integer points.
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In several aspects, Theorem 1.6 cannot be improved: Example 2.22 shows that reducing
22d−1 in Theorem 1.5 to any number smaller than 2d necessarily entails an exponential
loss of integer points in the intersection, and Example 2.21 shows that the number 2d
cannot be reduced while maintaining any positive fraction of points in the intersection. We
also obtain colorful versions of theorems 1.5 and 1.6 (see Theorem 2.7 and the discussion
following Theorem 2.24). In addition, we prove an analogue of Theorem 1.5 for the more
general collection of periodic product sets, along with several fractional theorems.
The second collection of results establishes infinite Helly numbers for that certain col-
lections of product sets. Given a set S ⊆ R, we let Sd denote the d-fold Cartesian product
of S. Our work is inspired by the following conjecture of De Loera, La Haye, Oliveros, and
Rolda´n-Pensado [9].
Conjecture 1.7. If P represents the set of prime numbers, thenH(P2) =∞.
Proposition 3.1 gives a general method to establish a lower bound for H(S2) whenever
S is a discrete subset of R. We derive several corollaries, including that H(Sd) = ∞ for
every d ≥ 2 if S = {nk : n ∈ N}. It may not be too surprising that H(Sd) is infinite, since
S is sparse in N, that is, that lim infn→∞
∣∣S ∩ [1, n]∣∣/n = 0. However, we also prove that
infinite Helly number is not solely attributable to sparseness.
Theorem 1.8. There is a set S ⊆ Z whose consecutive elements differ by at most 2 such that
H(Sd) =∞ for every d ≥ 2.
Sets with bounded gaps are often referred to as syndetic. Requiring bounded gaps is
a strictly stronger condition than positive density. As a corollary, Theorem 1.8 provides
another proof that Delone sets need not have finite Helly number. (A set S ⊆ Rd is called
a Delone set if there exist r, R ≥ 0 so that the minimum distance between any two points
in S is bounded below by r and every ball of radius R contains at least one point of S.)
Several new questions are posed throughout the paper.
2 Quantitative Helly-type theorems with boxes
2.1 Exact Helly-type theorems
Throughout this section, e1, . . . , ed denote the standard basis vectors in R
d and πi : R
d →
R
d−1 denotes the orthogonal projection along ei. We begin with a parametrization of boxes
in Rd.
Definition 2.1. Given two vectors x, y ∈ Rd, we write y ≥ x when the inequality is true in each
coordinate. If y ≥ x, we denote the axis-parallel box
∏d
i=1[xi, yi] by box(x, y). Given two sets
S, T ⊆ Rd, we say that box(x, y) is parametrized in S × T if (x, y) ∈ S × T . For each set F ⊆ Rd,
we define BF = {(x, y) ∈ Rd × Rd : y ≥ x and box(x, y) ⊆ F}.
If F is convex, then BF is convex, since the convex combination of any two boxes
is determined by the convex combination of their vertices. We can interpret a function
f : Rd × Rd → R as a function on axis-parallel boxes by setting f(box(x, y)) = f(x, y). We
call such a function a box-weighting function in Rd.
Proposition 2.2. Let F be a finite family of convex sets in Rd and S, T ⊆ Rd. Fix a box-weighting
function f and some w ∈ R. If the intersection of any H
(
(S × T ) ∩ f−1([w,∞))
)
or fewer mem-
bers of F contains a box parametrized in S × T with weight at least w, then
⋂
F contains a box
parametrized in S × T with weight at least w, as well.
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Proof. By assumption, anyH
(
(S × T )∩ f−1([w,∞))
)
members of {BF }F∈F contains a point in
(S×T )∩ f−1([w,∞)), so there exists a point (a, b) ∈
⋂
F∈F BF ∩ (S×T )∩ f
−1([w,∞)). Then
box(a, b) is parametrized in S × T , contained in
⋂
F , and has weight at least w.
We focus on functions f whereH
(
(S×T )∩f−1([w,∞))
)
has an upper bound independent
of w. For certain box-weighting functions, we can improve the bound in Proposition 2.2.
Definition 2.3. Let X ⊆ Rd be a convex set. A function f : X → R is called min-concave if
tf(x) + (1− t)f(y) ≥ min{f(x), f(y)} for every x, y ∈ X and t ∈ [0, 1].
Min-concave functions are also often called quasiconcave. A function f : X → R is
min-concave if and only if {x ∈ X : f(x) ≥ w} is convex for every w ∈ R.
Proposition 2.4. Let F be a finite family of convex sets in Rd and S, T ⊆ Rd. Fix a min-concave
box-weighting function f in Rd and some w ∈ R. If the intersection of any miniH(πi(S × T )) or
fewer members ofF contains a box parametrized in S×T with weight at least w, then
⋂
F contains
a box parametrized in S × T with weight at least w, as well.
Proof. Let k ∈ [2d] be an index that minimizesH(πk(S × T )) and set
V = {(x, y) ∈ Rd × Rd : y ≥ x and f(x, y) ≥ w}.
By assumption, the intersection of any H(πk(S × T )) members of {πk(BF ∩ V )}F∈F contains a
point in πk(S × T ), and each set BF ∩ V is convex; therefore
⋂
F∈F πk(BF ∩ V ) contains a point
a ∈ πk(S × T ). For each F ∈ F , there is a point aF ∈ BF ∩ V ∩ (S × T ) that projects to a. The
sets box(aF ) are ordered linearly by containment, so choose a G ∈ F so that box(aG) ⊆ box(aF )
for every F ∈ F . Then box(aG) ⊆
⋂
F and f(aG) ≥ w.
We can substitute any Helly-type theorem for S × T or πk(S × T ) in the proof of
Proposition 2.2 or Proposition 2.4, respectively, to obtain the corresponding result with
boxes. For example, we could substitute a so-called colorful Helly-type theorem, the first of
which was proved by Lova´sz and appeared in [4].
Theorem 2.5 (Colorful Helly theorem). Let F1, . . . ,Fd+1 be nonempty finite families of convex sets
in Rd. If
⋂d+1
i=1 Fi is nonempty for every choice of sets Fi ∈ Fi, then there is an index k ∈ [d+1] so
that
⋂
Fk is nonempty.
The term “colorful” comes from thinking of each finite family as a color class of sets. De
Loera, La Haye, Oliveros, and Rolda´n-Pensado [9] proved a similar theorem for the integer
lattice.
Theorem 2.6 (Colorful Doignon theorem). Let F1, . . . ,F2d be nonempty finite families of convex
sets in Rd. If
⋂2d
i=1 Fi contains an integer point for every choice of sets Fi ∈ Fi, then there is an
index k ∈ [2d] so that
⋂
Fk contains an integer point.
We generalize this to a colorful mixed-integer Helly-type theorem in Theorem 2.24. Using
Theorem 2.6, we can prove a colorful version of Theorem 1.5.
Theorem 2.7. Set h = 22d−1 and let F1, . . . ,Fh be nonempty finite families of convex sets in Rd.
If
⋂h
i=1 Fi contains a box with at least n integer points for every choice of sets Fi ∈ Fi, then there
is an index k ∈ [h] so that
⋂
Fk contains a box with at least n integer points.
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Proof. Given x, y ∈ Zd with y ≥ x, the number of integer points in box(x, y) is f(x, y) :=∏d
i=1(yi − xi + 1). The set box(x, y) contains the same integer points as box(⌈x⌉, ⌊y⌋), where
the ceiling and floor operators are applied coordinate-wise. If (x, y) ∈ Zd × Zd, then the number
of integer points in box(x, y) is exactly f(x, y). By assumption then,
⋂h
i=1BFi contains a point
(a, b) ∈ Zd × Zd with f(a, b) ≥ n whenever Fi ∈ Fi for every i ∈ [h]. The function log f is con-
cave, so f is logconcave and therefore min-concave. Noting thatH(πi(Z
2d)) = H(Z2d−1) = 22d−1
for every i ∈ [2d], we may apply the colorful Doignon version of Proposition 2.4 with S = T = Zd
and w = n to obtain an index k ∈ [h] so that
⋂
F∈Fk
BF contains an integer point (a, b). Then
box(a, b) ⊆
⋂
Fk and f(a, b) ≥ n, meaning box(a, b) contains at least n integer points.
Theorem 1.5 follows as a special case.
Proof of Theorem 1.5. Take Fi = F for every i ∈ [h] and apply Theorem 2.7
It is unclear whether the number 22d−1 in theorems 1.5 and 2.7 is optimal. The sharp-
ness of Doignon’s theorem shows that it cannot be replaced by any number less than 2d.
Example 2.22 provides another illustration of this, while Example 2.8 gives a slightly larger
lower bound of 6 in the plane.
Example 2.8. To each line in Figure 1, associate the closed half-
plane that contains the central vertex. The intersection of any
five of these half-planes contains a box with four vertices (two
of which are degenerate boxes, consisting of four colinear points).
On the other hand, any box in the intersection of all six half-planes
contains at most three points. Figure 1
Question 2.9. What is the least integer that can replace 22d−1 in Proposition 2.4?
We now prove a version of Theorem 1.5 for the more general class of periodic product
sets, albeit with a slightly weaker constant.
Definition 2.10. A discrete set Q ⊆ Rd is called a periodic product set if it can be factored as
A1 × · · · × Ad, where A1, . . . , Ad ⊆ R are periodic. If Ai has least period pi for each i ∈ [d], we
say that P has period (p1, . . . , pd) ∈ Rd and call
∏d
i=1[0, pi) the fundamental box ofQ. We denote
bymi(Q) the number |Ai ∩ [0, pi)| and by ρ(Q) the number of points of Q in its fundamental box,
namely ρ(Q) =
∏d
i=1mi(Q).
A modification to the proof of Theorem 4.7 in [8] shows that H(Q,n) = ΩQ(n
d−1
d+1 ) for
every d-dimensional periodic product set Q. In contrast, H(Q,n) is uniformly bounded
for every fixed Q. To prove this, we use a result of Hoffman. Let S ⊆ Rd. A polygon whose
vertices lie in S is called empty if its interior contains no point of S. A subset X ⊆ S is
called intersect-empty if
(⋂
x∈X conv(X \ x)
)
∩ S = ∅.
Proposition 2.11 (Hoffman [17], 1979). If S ⊆ Rd, thenH(S) is equal to the maximum cardinality
of an intersect-empty set in S. If S is discrete,H(S) is also equal to the maximum number of vertices
of an empty polygon in S.
As a corollary, we can derive a union bound for Helly numbers.
Lemma 2.12. If S, T ⊆ Rd, thenH(S ∪ T ) ≤ H(S) +H(T ).
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Proof. Any set X ⊆ S ∪ T of H(S) +H(T ) + 1 points either contains H(S) + 1 points of S or
H(T ) + 1 points of T . By Proposition 2.11, the set X cannot be intersect-empty, and therefore any
intersect-empty set in S ∪ T has at mostH(S) +H(T ) vertices.
We need one last lemma.
Lemma 2.13. If C is convex, thenH(S ∩ C) ≤ H(S).
Proof. If the intersection of everyH(S)members ofF contains a point inS∩C, then the intersection
of everyH(S)members of G := {F ∩C : F ∈ F} contains a point in S. It follows that
⋂
G contains
a point in S, which implies that
⋂
F contains a point in S ∩ C.
Alternatively, one could note that every intersect-empty set in S ∩ C is an intersect-
empty set in S.
Theorem 2.14. If Q is a periodic product set in Rd, thenH(Q,n) ≤ 4dρ(Q)2 for every n ∈ N.
Proof. FactorQ as A1× · · ·×Ad, suppose the period ofQ is p ∈ R
d, and let B be the fundamental
box of Q. We set
ci(a, b) =
{∣∣[ai, bi] ∩Ai∣∣ if bi ≥ ai∣∣[ai, bi + pi] ∩ Ai∣∣ if bi < ai
for each a, b ∈ B ∩Q and i ∈ [d] and set
Qa,b = {(x, y) ∈ Q
2 : xi ≡ aimod pi and yi ≡ bimod pi for every i ∈ [d]}.
for each a, b ∈ B ∩Q. Moreover, we define
fa,b(x, y) =
d∏
i=1
(
mi(Q)
(
(yi − xi)− ci(a, b)
)
/pi + ci(a, b)
)
,
which is logconcave (and therefore min-concave) for every pair (a, b) ∈ B ∩Q, and
f(x, y) =
{
fa,b(x, y) if y ≥ x and (x, y) ∈ Qa,b
0 if y 6≥ x.
The value f(x, y) is exactly the number of points ofQ in box(x, y) when x, y ∈ Q and y ≥ x. Since
Qa,b∩f
−1([n,∞)) = Qa,b∩f
−1
a,b ([n,∞)) and fa,b is min-concave, Lemma 2.13 provides the upper
boundH
(
Qa,b ∩ f−1([n,∞))
)
≤ H(Qa,b). Each set Qa,b is an affine image of Z2d, so
H
(
Q2 ∩ f−1([n,∞))
)
= H
( ⋃
a,b∈B ∩Q
(
Qa,b ∩ f
−1([n,∞))
))
≤
∑
a,b∈B∩Q
H(Qa,b) = ρ(Q)
222d
by Lemma 2.12 and Doignon’s theorem. A set contains a box with at least n points in Q if and only
if it contains such a box that is parametrized in Q ×Q. Appealing to Proposition 2.2 completes the
proof.
We quickly prove two more consequences of Proposition 2.4. In the continuous setting,
there is no exact Helly-type theorem for surface area, although Rolnick and Sobero´n [20]
proved a version with arbitrarily small loss. There is, however, such a theorem with boxes
as witness sets.
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Proposition 2.15. LetF be a finite family of convex sets inRd and fix somew ∈ R. If the intersection
of any 2d or fewer members of F contains an axis-parallel box whose k-skeleton has k-dimensional
volume at least w, then
⋂
F contains such a box, as well.
Proof. The k-dimensional volume of the k-skeleton of box(x, y) is given by the elementary sym-
metric polynomial
f(x, y) = 2d−k
∑
S∈([d]k )
∏
i∈S
(yi − xi).
Marcus and Lopes [19] proved that f1/k is concave on the set {(x, y) ∈ Rd × Rd : y ≥ x}, which
implies that f is a min-concave box-weighting function. Applying Proposition 2.4 with S = T = Rd
finishes the proof.
Another application of elementary symmetric polynomials yields the following extension
of Theorem 1.5.
Proposition 2.16. Let F be a finite family of convex sets in Rd. If the intersection of any 22d−1 or
fewer members of F contains an axis-parallel box of dimension (at most) k that itself contains at
least n integer points, then
⋂
F contains a box of dimension (at most) k with at least n/
(
d
k
)
integer
points.
Proof. Apply Proposition 2.4 to the elementary symmetric polynomial
f(x, y) =
∑
S∈([d]k )
∏
i∈S
(yi − xi + 1)
with S = T = Zd and w = n to obtain a, b ∈ Zd such that box(a, b) ⊆
⋂
F and f(a, b) ≥ n.
By the majority principle, there is a set T ∈
(
[d]
k
)
so that
∏
i∈T (bi − ai + 1) ≥ n/
(
d
k
)
; setting
y′ =
∑
i∈T biei +
∑
i/∈T aiei, the number of integer points in the k-dimensional box(x, y
′) is at
least n/
(
d
k
)
.
An essentially identical proof yields the following continuous version.
Proposition 2.17. Let F be a finite family of convex sets in Rd. If the intersection of any 2d or fewer
members of F contains an axis-parallel box of dimension (at most) k with k-dimensional volume at
least w, then
⋂
F contains a box of dimension (at most) k with k-volume at least w/
(
d
k
)
.
The collection of 2d half-spaces whose intersection is the unit cube show that the number
2d in propositions 2.15 and 2.17 cannot be reduced to 2d−1. Doignon’s theorem shows that
22d−1 in Proposition 2.16 cannot be replaced by any number smaller than 2d. The optimal
Helly number in this case is not clear.
2.2 Fractional Helly-type theorems
Although in this section we focus on the integer lattice in this section, straightforward
modifications to the proofs provide analogous statements for any periodic product set. A
key ingredient in proving fractional versions of Theorem 1.5 will be the mixed-integer Helly
theorem (first proved by Hoffman [17]), which says that H(Ra × Zb) = (a + 1)2b. We also
use the following definition.
Definition 2.18. A box where every edge has length at least t is called t-thick.
7
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Proposition 2.19. Let F be a finite family of convex sets in Rd. Let m ∈ {1, . . . , d} and t ≥ 0. If
the intersection of every (m+1)22d−m−1 or fewer members ofF contains a t-thick box with at least
n integer points, then
⋂
F contains a t-thick box with at least n/
(
1 + 1⌊t⌋+1
)m−1
− Od(1) integer
points.
Proof. The function
f(x, y) =


d∏
i=1
(yi − xi + 1) if mini{yi − xi} ≥ t
0 otherwise,
is min-concave on the set of boxes. If box(x, y) is t-thick and contains at least n integer points, then
f(x, y) ≥ n. Applying Proposition 2.4 (and the mixed-integer Helly theorem) to F with S = Zd
and T = Rm × Zd−m provides a point (a, b) ∈ Zd × (Rm × Zd−m) with box(a, b) ⊆
⋂
F and
f(a, b) ≥ n. Thus, box(a, b) is t-thick and contains
m∏
i=1
⌊bi − ai + 1⌋
d∏
i=m+1
(bi − ai + 1)
lattice points. Using the substitution yi = bi − ai + 1, the product is bounded below by
min
{
m∏
i=1
⌊yi⌋
d∏
i=m+1
yi : yi ≥ t+ 1 and
d∏
i=1
yi = n
}
,
which is in turn bounded below by
min
{
d∏
i=1
yi : yi ≥ ⌊t⌋+ 1 and
m∏
i=1
(yi + 1)
d∏
i=m+1
yi ≥ n
}
≥min
{
d∏
i=1
yi : yi ≥ ⌊t⌋+ 1 and
m∏
i=1
(yi + 1)
d∏
i=m+1
yi = n
}
.
From this point, a standard application of Lagrange multipliers shows that, for large enough n, the
minimum is obtained on the boundary, when yi = ⌊t⌋ + 1 for every i ≥ 2 and y1 = n/
(
(⌊t⌋ +
2)m−1(⌊t⌋+ 1)d−m
)
− 1. Therefore box(a, b) has at least
d∏
i=1
yi = (⌊t⌋+ 1)
d−1y1 =
n(
1 + 1⌊t⌋+1
)m−1 − 1
integer points when n is sufficiently large.
Dropping the thickness requirement on boxes (that is, “requiring” 0-thick boxes) guar-
antees n/2m−1−O(1) points in
⋂
F , a relatively small fraction of n. On the other hand, the
proportion of points guaranteed by Proposition 2.19 increases rapidly as t increases, which
shows that the loss is an artifact of the possible thinness of the box in many directions;
thickening the boxes guarantees a much larger fraction of points. In fact, taking t = d in
Proposition 2.19 guarantees a box with at least n/e integer points in the intersection.
The Helly number can be reduced even further in exchange for a smaller intersection.
8
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Proposition 2.20. Let F be a finite family of convex sets in Rd. Letm ∈ {1, . . . , d− 1} and t ≥ 1.
If the intersection of every (d+m+1)2d−m−1 or fewer members ofF contains a t-thick box with at
least n integer points, then
⋂
F contains a box with at least n/
(
(1+ 1⌊t⌋ )
d−m(2+ 1⌊t⌋)
m−1
)
−Od(1)
points. The same statement is true form = d if (d+m+ 1)2d−m−1 is replaced by 2d.
Proof. The proof is similar to that of Proposition 2.19. We apply Proposition 2.4 to F with the same
function f and S = Rm × Zd−m and T = Rd to get a point (a, b) ∈ (Rm × Zd−m)× Rd such that
box(a, b) ⊆
⋂
F and f(a, b) ≥ n. The set box(a, b) contains at least
m∏
i=1
⌊bi − ai⌋
d∏
i=m+1
⌊bi − ai + 1⌋
lattice points. Substituting yi = bi − ai, this product is bounded below by
min
{
m∏
i=1
⌊yi⌋
d∏
i=m+1
⌊yi + 1⌋ : yi ≥ t and
d∏
i=1
(yi + 1) = k
}
≥min
{
d∏
i=1
yi : yi ≥ ⌊t⌋ and
m∏
i=1
(yi + 2)
d∏
i=m+1
(yi + 1) = k
}
.
Again, a Lagrange multipliers argument shows that the minimum (for sufficiently large n) is
obtained at the boundary,when yi = ⌊t⌋ for every i ≥ 2 and y1 = n/((1+⌊t⌋)d−m(2+⌊t⌋)m−1)−2.
Therefore box(a, b) contains at least
⌊t⌋d−1y1 =
n(
1 + 1⌊t⌋
)d−m (
2 + 1⌊t⌋
)m−1 − 2
integer points when n is sufficiently large.
Theorem 1.6 follows as a special case.
Proof of Theorem 1.6. Apply Proposition 2.20 withm = d and t = 1.
No theorem of this type has a weaker intersection condition.
Example 2.21. Let t ≥ 1 and F be the collection of 2d half-spaces whose intersection is the hy-
percube [0, t]d. The intersection of any 2d− 1 members of F contains t-thick boxes with arbitrarily
many integer points, but
⋂
F contains only (t+ 1)d integer points. So a positive proportion of inte-
ger points cannot be guaranteed in
⋂
F . (Similar hypercube examples have been used for qualitative
Helly-type theorems since Ba´ra´ny, Katchalski, and Pach’s paper [5] in 1982.)
The following example shows that an exponential loss is to some extent unavoidable in
results like propositions 2.19 and 2.20.
Example 2.22. Let F be the collection of 2d half-spaces whose intersection is the cross-polytope
conv(±e1, . . . ,±ed). The intersection of any 2d − 1 of these half-spaces contains a box with 2d
integer points, but any box in the cross-polytope contains at most 3 integer points.
Question 2.23. Is the condition of 1-thickness necessary in Theorem 1.6 and Proposition 2.20?
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In [9], De Loera, La Haye, Oliveros, and Rolda´n-Pensado provided a set of sufficient
conditions that guarantees the colorful version of a given Helly-type theorem by abstracting
Lova´sz’s original proof. Although not stated in their paper, a direct application of their
Theorem 5.3 yields the following result.
Theorem 2.24 (Colorful mixed-integer Helly theorem). Set h = (a + 1)2b and let F1, . . . ,Fh be
nonempty finite families of convex sets in Ra+b. If
⋂h
i=1 Fi contains a point in R
a × Zb for every
choice of sets Fi ∈ Fi, then there is an index k ∈ [h] so that
⋂
Fk contains a point in Ra × Zb.
The corresponding colorful versions of Proposition 2.19 and Proposition 2.20 are also
true. We stated the vanilla-flavor Helly-type theorems for simplicity, but the colorful incar-
nations can be proved by replacing the mixed-integer Helly theorem by Theorem 2.24 in the
proofs.
Traditionally, fractional Helly-type theorems guarantee that a large subfamily of F has a
given intersection property. Along these lines, Ba´ra´ny and Matousˇek [6] proved the surpris-
ing fact that a fractional Helly-type theorem holds for Zd with a local intersection condition
on (d+ 1)-tuples, despite the Helly number for Zd being 2d.
Theorem 2.25 (Ba´ra´ny-Matousˇek, 2003). For every d ≥ 1 and α ∈ (0, 1] there exists a β > 0 such
that the following is true. If
⋂
H contains an integer point for at least α
(
|F|
d+1
)
subcollectionsH ⊆ F
of size d+1, then there is a subfamily G ⊆ F with at least β|F| sets whose intersection contains an
integer point.
The Ba´ra´ny-Matousˇek theorem produces a fractional theorem that complements propo-
sitions 2.19 and 2.20.
Corollary 2.26. For every d ≥ 1 and α ∈ (0, 1], there exists a β > 0 such that the following is true.
If
⋂
H contains a box with at least n integer points for at least α
(
|F|
2d
)
subfamilies H ⊆ F of size
2d, then there is a collection G ⊆ F with at least β|F| sets whose intersection contains a box with
at least n integer points.
3 Integer sets with infinite Helly number
We begin with a lower bound for the Helly number of product sets in the plane.
Proposition 3.1. Given a discrete set S ⊆ R, list its elements in increasing order as · · · < s−1 <
s0 < s1 < · · · and define
t(n) =
sn+2 − sn+1
sn+1 − sn
.
If there exist b ∈ Z and m ∈ N so that t(n) ≥ t(n + 1) for every b ≤ n ≤ b +m − 1 and strict
inequality holds for k values of n, thenH(S2) ≥ k + 4.
Proof. We define
P = conv
(
{(sb, sb), (sb+m+2, sb+m+2)} ∪ {(si, si+1) : b ≤ i ≤ b+m+ 1}
)
.
The polygonP contains no other points of S2 in its interior. The condition that t(n) ≥ t(n+1) guar-
antees that the slopes of the edges ofP off themain diagonal are decreasing, soP is convex. If t(n) >
t(n+1), then (sn+1, sn+2) is a vertex of P . The condition on strict inequality guarantees that P has
k+4 vertices (the kwhere strict inequality holds, plus the points (sb, sb), (sb, sb+1), (sb+m, sb+m+1),
and (sb+m+1, sb+m+1)). By Proposition 2.11, H(S
2) ≥ k + 4.
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Checking the values of t(n) for the prime lattice in the interval [0, 106] shows that H(P×
P) ≥ 13.1
A Helly-type theorem for Sd in Rd implies a corresponding Helly-type theorem for Sk
in Rk for all 1 ≤ k ≤ d. Consequently, the lack of such a theorem in the plane implies the
lack of one in all higher dimensions.
Corollary 3.2. If p is a polynomialwith degree at least 2 andS = {p(n) : n ∈ Z}, thenH(Sd) =∞
for all d ≥ 2.
Proof. It suffices to prove thatH(S2) =∞. We may assume that p is monic, since multiplying p by
a nonzero scalar is an affine transformation of S2 and preserves the Helly number. The polynomial
p(n) is eventually increasing, which means that we may shift the indices so that sn = p(n) for large
enough n. Substituting p(n) = nk + ank−1 +O(nk−2) in the expression for t(n) yields
t(n) = 1 +
p(n+ 2)− 2p(n+ 1) + p(n)
p(n+ 1)− p(n)
= 1 +
O(nk−2)
knk−1 +O(nk−2)
.
It follows that t(n) is eventually strictly decreasing, and Proposition 3.1 implies that H(S2) is not
finite.
Corollary 3.3. Let Sk = {nk : n ∈ Z} and Tk = {
(
n
k
)
: n ∈ N}. If k ≥ 2, then h(Sdk) = h(T
d
k ) =
∞.
Unfortunately, there are some sets for which Proposition 3.1 gives no information what-
soever. For example, if S = {2n : n ∈ N}, then t(n) = 2 for every n.
Question 3.4. What is H({2n : n ∈ N}2)?
Given a set S ⊆ Z, let δ(S) = lim infn→∞
∣∣S ∩ [−n, n]∣∣/(2n+ 1) be its lower density in
Z. It seems intuitive that results in Corollary 3.2 are attributable to the sparseness of S;
that is, that δ(S) = 0. We can easily construct sets S ⊆ Z with positive density such that
H(S2) =∞ using Corollary 3.2: Simply intersperse intervals of Z with well-chosen intervals
of {n3 : n ∈ N} to create a set S so that S2 contains arbitrarily large empty polygons, but
(if the intervals of Z are long enough) has positive lower density.
The resulting set has infinite Helly number because it is not dense “everywhere”—there
are still arbitrarily large gaps between consecutive elements. A set A ⊆ N is called ℓ-syndetic
if the differences between consecutive elements of A are bounded above by ℓ. If A is syndetic,
then it is, in some sense, dense everywhere. It therefore seems plausible that H(S2) is finite
when S is a syndetic set, but in this we are foiled yet again: Surprisingly, bounded gaps are
still insufficient to guarantee a finite Helly number.
To prove Theorem 1.8, we will use Dirichlet’s theorem on rational approximation.
Theorem 3.5 (Dirichlet [12], 1842). If α ∈ R is irrational, then there are infinitely many coprime
integers p and q so that |qα− p| ≤ 1/q.
Proof of Theorem 1.8. The basic outline is that we cheat. We first construct a set of polygons, and
then we build up a syndetic point set around them to guarantee they are empty, ensuring that the
Helly number is infinite.
1The empty 13-gon on the main diagonal of P × P whose vertex x-coordinates are the consecutive primes 258500509,
258500527, 258500549, 258500569, 258500587, 258500603, 258500617, 258500629, 258500639, 258500647, 258500651,
and 258500659 is convex.
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Fix an irrational number α > 2. Let L be the line through the origin with slope α andM be the
strip L+
(
{0} × [0, 1)
)
. (Here,+ denotes the Minkowski sum.) We first construct an infinite set of
integer polygons that lie inside S.
Let (qi, pi)
∞
i=1 be a sequence of pairs of positive integers so that 0 < |pi − qiα| < 1/qi. The
quantity pi − qiα is either positive for infinitely many values of i or negative for infinitely many
values of i. Since the arguments are symmetric, we suppose that the former is the case and choose a
subsequence so that pi − qiα > 0 for every i ∈ N. The fractions pi/qi tend toward α, so may take a
further subsequence such that pi/qi > pi+1/qi+1 for every i ∈ N.
For each n ∈ N, choose some index j so that qj > n, set v
n
k =
∑j+k
i=j (qi, pi) for every integer
0 ≤ i ≤ n − 1, and define Pn = conv(0, vn1 , . . . , v
n
n−1). The condition on decreasing quotients
guarantees that Pn has exactly n + 1 vertices, namely {0, vn0 , . . . , v
n
n−1}. Moreover, since 0 <
pi − qiα < 1/qi < 1/n, every vector vni is contained inM , showing that Pn ⊆M .
Let π1, π2 : R
2 → R be the orthogonal projections onto the x- and y-axes, respectively. We trans-
late each polygon Pn by an integer vector wn such that any two projections in {π1(Pn + wn) : n ∈
N}∪{π2(Pn+wn) : n ∈ N} are disjoint; letQn = Pn+wn. DefiningB =
⋃∞
n=1
(
π1(vert(Qn))∪
π2(vert(Qn))
)
, each Qn is an empty polygon in B
2.
To finish the proof, we construct a 2-syndetic set S containingB so that eachQn remains empty
in S2. For eachm ∈ Z, exactly one of the following holds:
1. m ∈ π1(Qn) for exactly one n,
2. m ∈ π2(Qn) for exactly one n, or
3. m ∈ N \
⋃∞
n=1
(
π1(Qn) ∪ π2(Qn)
)
.
Let us denote the set of integers that satisfy (1), (2), and (3) byΠ1, Π2, andΠ3, respectively. Finally,
we setMn = (M + wn) ∩
(
π1(Qn)× π2(Qn)
)
, so Qn ⊆Mn.
The vertical width ofMn direction is 1 and the slope of the strip is an irrational number strictly
greater than 2. This means that ifm ∈ π2(Mn ∩ Z2), thenm+ 1 /∈ π2(Mn ∩ Z2). The set
S := Π1 ∪
(
Π2 \
( ∞⋃
n=1
π2(Mn ∩ Z
2)
))
∪ Π3 ∪B,
is therefore 2-syndetic. Since Mn ∩ S2 = Mn ∩ B2, the polygons Qn are empty in S2. Then S2
contains arbitrarily large empty polygons, so h(S2) =∞ by Proposition 2.11.
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